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Abstract. The Substorm Chorus Event (SCE) is a radio phe-
nomenon observed on the ground after the onset of the sub-
storm expansion phase. It consists of a band of VLF chorus
with rising upper and lower cutoff frequencies. These emis-
sions are thought to result from Doppler-shifted cyclotron
resonance between whistler mode waves and energetic elec-
trons which drift into a ground station’s ﬁeld of view from an
injection site around midnight. The increasing frequency of
the emission envelope has been attributed to the combined
effects of energy dispersion due to gradient and curvature
drifts, and the modiﬁcation of resonance conditions and vari-
ation of the half-gyrofrequency cutoff resulting from the ra-
dial component of the E×B drift.
A model is presented which accounts for the observed fea-
tures of the SCE in terms of the growth rate of whistler mode
waves due to anisotropy in the electron distribution. This
model provides an explanation for the increasing frequency
of the SCE lower cutoff, as well as reproducing the general
frequency-time signature of the event. In addition, the re-
sults place some restrictions on the injected particle source
distribution which might lead to a SCE.
Key words. Space plasma physics (Wave-particle interac-
tion) – Magnetospheric physics (Plasma waves and instabili-
ties; Storms and substorms)
1 Introduction
The substorm chorus event is a recognised VLF signature of
the substorm expansion phase (Smith et al., 1996, 1999). Al-
though chorus emissions are commonly observed in the post-
midnight sector in association with substorm activity (Tsuru-
tani and Smith, 1974), the SCE is distinctive as it consists of
a band of chorus with ascending upper and lower cutoff fre-
quencies. The duration of a SCE is usually ∼10min to ∼1h.
The frequency of the leading edge of the emission envelope
increases at a rate of between 20 and 1000Hz/min (Smith
et al., 1996), but typically around 150Hz/min (Smith et al.,
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2002). These events are commonly observed between mid-
night and dawn, following energetic particle injection into
the nightside inner magnetosphere. The correlation of these
two phenomena allows the substorm onset time to be esti-
mated from the SCE epoch with an uncertainty of around
10min (Smith et al., 1999).
Observations of SCE have been documented at a number
of high-latitude stations including Eights [L=3.8] (Carpen-
ter et al., 1971), Roberval [L=4.0] (Carpenter et al., 1975),
SANAE-III [L=4.1] (Hughes, 1995; Collier and Hughes,
2004), Siple [L=4.2] (Carpenter et al., 1975; Park et al.,
1981), Halley [L=4.4] (Smith et al., 1996; 1999; 2002), and
Byrd [L=7.1] (Carpenter et al., 1971). Events have also been
recorded simultaneously at conjugate stations (Carpenter et
al., 1975) and observed by satellites near geosynchronous or-
bit (Isenberg et al., 1982). Observations made at SANAE-IV
[L=4.3] are presented in Sect. 2.
Smith et al. (1996) observed 243 SCE in 327 days at Hal-
ley during 1992, noting that the frequency of occurrence,
around 250 y−1 on average (Smith et al., 1999), was greater
at geomagnetically disturbed (Kp>3−) than quiet times.
Substorm chorus events appear to be observed less often
at SANAE-IV (fewer than 50 during 2002), although this
may simply be due to the compressed format of the Hal-
ley VELOX data (Smith, 1995) facilitating their identiﬁca-
tion. This disparity is, however, consistent with the lower
frequency of occurrence of all VLF phenomena as one goes
east from Halley to SANAE-IV, which might be ascribed
to the effects of the South Atlantic Anomaly. The reduced
magnetic ﬁeld strength in this vicinity results in the lower-
ing of trapped particle mirror points, leading to enhanced
loss through precipitation, thereby producing a diminished
trapped electron population east of the anomaly.
A SCE results from the collaboration of three processes:
the injection of energetic plasma into the inner magneto-
sphere, the eastward drift of electrons from the injection re-
gion to a ground station’s ﬁeld of view, and the cyclotron
resonant interaction of these electrons with whistler mode
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The impulsive injection of energetic particles into the near-
Earth magnetotail routinely occurs at the beginning of the
substorm expansion phase (e.g. McIlwain, 1974; Thomsen
et al., 2001) in conjunction with heightened geomagnetic ac-
tivity on the ground and in space. Two possible scenarios
are generally considered to account for plasma injection: ei-
ther the particles are energised in situ or they are transported
from a tailward region and are energised en route. In the lat-
ter situation, injections may result from radial E×B drift in
the inductive electric ﬁeld arising from dipolarisation of the
Earth’s magnetic ﬁeld (Li et al., 2003).
Injection events have been detected directly by geosyn-
chronous satellites (e.g. Birn et al., 1998; Thomsen et al.,
2001) and identiﬁed in energetic neutral atom images (Hen-
dersen et al., 1997). As observed at geosynchronous orbit,
injections consist of ﬂux enhancements (by a few orders of
magnitude) of particles with maximum energies up to hun-
dreds of keVs, and average energies of a few keV (Parks et
al., 1980). If a satellite is located within the injection region,
then the enhancement is observed simultaneously for all en-
ergies concerned and the event is “dispersionless”. If, how-
ever, the injected particles only reach the satellite after drift-
ing out of the injection region, then they become dispersed,
those particles with higher energies arriving ﬁrst. The loca-
tion and extent of the injection region have been examined by
Friedel et al. (1996), who determined that the injected parti-
cles may be distributed over a range ±5h around magnetic
midnight and can extend inward to L=4.3.
The satellite observation of an injection event is reliant
upon the particles being either injected directly into or drift-
ing through the volume of space accessible to the satellite.
The SCE, however, reﬂects the presence of injected particles
within a ground station’s ﬁeld of view – a much larger re-
gion – and these ground-based data are thus complementary
to satellite observations.
The motion of an electron, and indeed any charged par-
ticle in the magnetosphere, may be understood in terms of
the conservation of the three adiabatic invariants associated
with each of its periodic motions – gyration, bounce and drift
(Roederer, 1970). Since the gyration and bounce of the par-
ticle occur over time scales much shorter than that associ-
ated with the development of a SCE, the motion which is of
principal interest in this context is drift, which transports the
particle through local time. Conservation of the invariants
corresponding to gyration and bounce are nevertheless still
essential to the dynamics. The drift shell, a surface generated
by the motion of a particle’s guiding centre, is characterised
by its L value and the magnetic ﬁeld strength at the particle’s
mirror point (McIlwain, 1961). Azimuthal velocity around
the drift shell is inﬂuenced by the presence of electric ﬁelds
and the spatial gradient and curvature of the magnetic ﬁeld.
The presence of a convection electric ﬁeld directed from
dawn to dusk and a corotation electric ﬁeld orientated radi-
ally earthward produce an energy-independent E×B drift,
which has both radial and azimuthal components. In the
midnight-dawn quadrant this drift is directed radially earth-
ward and azimuthally eastward.
The injected electrons are also subject to an energy-
dependent drift as a result of the spatial gradient and cur-
vature of the Earth’s magnetic ﬁeld. This drift carries them
eastward, the more energetic particles and those located fur-
ther from the Earth having a higher angular drift velocity
(Roederer, 1970).
Subsequent to their injection, the electrons are thus trans-
ported eastward into a ground station’s ﬁeld of view, where
they may resonantly interact with whistler mode waves.
VLF chorus is a whistler mode phenomenon encountered
both in space and on the ground, consisting of numerous
discrete emission elements. Particle injections are regularly
correlated with enhanced chorus activity at geosynchronous
orbit (Isenberg et al., 1982). Chorus is thought to be gen-
erated by the transfer of energy from anisotropic hot elec-
trons to waves by the cyclotron resonance interaction (Sazhin
and Hayakawa, 1992). Such wave-particle interactions play
a role in the acceleration of electrons to relativistic energies
(Meredith et al., 2001; Horne and Thorne, 2003) and induce
the precipitation of energetic electrons (Horne and Thorne,
2003).
Doppler-shifted cyclotron resonance between whistler
mode waves and counter-streaming electrons is described by
(e.g. Hargreaves, 1992)
Wk =
B2
2µ0ne
fB
f

1 −
f
fB
3
, (1)
where Wk is the component of the electron’s kinetic energy
associated with motion parallel to the magnetic ﬁeld, B is
magnetic ﬁeld strength, fB is the electron gyrofrequency, f
is the frequency of the waves and ne is the electron number
density. The interaction represented by Eq. (1) is a trans-
verse resonance where the wave frequency is Doppler-shifted
up to the electron gyrofrequency. The derivation of this re-
lationship proceeds from the assumption that the waves are
propagating parallel to the magnetic ﬁeld. In general, how-
ever, the waves may possess an arbitrary wave normal angle,
which, for resonance at a given frequency, leads to larger Wk
as the direction of propagation becomes more oblique. For a
predetermined population of electrons this results in a shift to
higher resonance frequencies for larger wave normal angles.
Within the wave generation region ﬁeld-aligned propagation
is favoured as this produces the greatest instability (Nunn et
al., 1997).
Observational evidence suggests that chorus originates
near the geomagnetic equator (Parrot et al., 2003), although
recent observations of Inan (2004) indicate that the chorus
source region is in rapid motion. Since the energy of gyro-
resonant electrons is minimised at the equator and the elec-
tron distribution is generally dominated by low energy par-
ticles, Helliwell (1965) concluded that the equatorial plane
is the region in which the number of particles available for
gyro-resonance is maximised and is thus the most likely lo-
cation for cyclotron resonance instability. Liehmon’s (1967)
results, however, indicate that the off-equatorial growth rate
can become quite signiﬁcant, especially at higher frequen-
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electron number density are also advantageous (Rycroft,
1972).
The penetration of whistler mode waves through the iono-
spheric boundary requires that the wave normal angle lie
within the transmission cone (Helliwell, 1965) and conse-
quently chorus must propagate to the ground via ducts of en-
hanced ionisation. The wave vectors of ducted chorus are
nearly aligned with the ambient magnetic ﬁeld (Parrot et al.,
2003). Chorus emissions with oblique wave normals have,
however, also been observed in the vicinity of the equatorial
plane (Hayakawa et al., 1984) but at frequencies above half
the equatorial gyrofrequency and therefore not propagating
in ducted mode.
The maximum frequency for trapping of a whistler mode
wave in a channel of enhanced ionisation is half the local
electron gyrofrequency, fB/2 (Helliwell, 1965). This fact
may determine the cutoff of chorus emissions at the upper
edge of the SCE envelope (Smirnova, 1984). Earthward mo-
tion of electrons results in an increasing half-gyrofrequency
cutoff as the particles move into regions of higher magnetic
ﬁeld strength. The earthward motion of electrons also pro-
duces increasing resonance frequencies, which follow from
Eq. (1) as a consequence of elevated magnetic ﬁeld strength
and background number densities.
Wave ampliﬁcation via the cyclotron resonance instabil-
ity is associated with an anisotropic pitch angle distribution
(Kennel and Petschek, 1966). Speciﬁcally, a pancake-shaped
distribution, where large pitch angles are predominant, is un-
stable, while a distribution in which particle motion is pri-
marily parallel to the magnetic ﬁeld is not. Although there
is a tendency for the injected plasma to be anisotropic (Birn
et al., 1997) as a result of inward radial motion subject to
the conservation of the ﬁrst and second adiabatic invariants
(Southwood and Kivelson, 1975), the subsequent dispersive
drift motion of the injected electrons also leads to anisotropy
in the portion of the population within a station’s ﬁeld of
view.
The form of the resonance condition Eq. (1) implies that
particles with large parallel velocities are resonant with low
frequency waves and vice versa. The most energetic elec-
trons, which arrive ﬁrst within a terrestrial station’s whistler
mode ﬁeld of view, are thus resonant with low frequency
waves. Progressively higher resonant frequencies are gen-
erated as lower energy particles drift around into the ﬁeld of
view. This, in part, accounts for the increasing frequencies
characteristic of the SCE. The frequency dispersion arising
from this mechanism depends on the proximity of the station
to the injection region: stations located at later local times
should observe greater dispersion.
Smith et al. (1996) argued that the absence of a clear rela-
tionship between frequency dispersion and MLT in their data
indicated that dispersive azimuthal drift was not the govern-
ing process in a SCE. The recent study of Abel et al. (2002)
alsosuggeststhatlittledirectevidenceexistssupportingelec-
tron energy dispersion as the dominant process controlling
the frequency evolution of the SCE. Neither of these publi-
cations, however, call into question whether the dispersion
mechanism plays some role in the generation of the SCE
phenomenon. In fact, Smith et al. (1996) proposes that the
prevailing mechanism may be energy dispersion in the case
of events with large frequency sweep rates and radial drift for
more gradually rising events.
In this study we examine the contribution of energy disper-
sion in generating the frequency-time structure of the SCE by
modelling the azimuthal drift of injected particles including
the action of the corotation electric ﬁeld. In order to isolate
the effect of the gradient-curvature drift, the convection elec-
tric ﬁeld is neglected and the particles are assumed to move
along paths of constant L in the inner magnetosphere. Al-
though the convection ﬁeld is undoubtedly of import to the
dynamics, an objective of this study is to demonstrate that
the inward radial E×B drift is not a prerequisite for SCE
occurrence and that energy dispersion is a sufﬁcient mecha-
nism. The neglect of the convection ﬁeld may be justiﬁed as
follows: for L=5 resonance at 3kHz requires electrons with
energies Wk'12keV, which experience a gradient-curvature
drift of >5km/s. In a convection ﬁeld of 0.25mV/m, repre-
sentative of mildly disturbed geomagnetic conditions (Kivel-
son, 1976), the E×B drift speed at this L is only ∼1km/s,
signiﬁcantly less than the gradient-curvature drift speed. In
addition, only a portion of the E×B drift is directed inward,
while the balance contributes to the azimuthal particle drift,
reducing the delay and duration of a SCE.
2 Observations
Examples of substorm chorus events observed at SANAE-IV
[71◦400 S 2◦500 W, L=4.3] are presented as spectrograms in
Fig.1. Aselectionofeventsareincludedtoillustratethevari-
ation in duration and frequency range. The broad-band VLF
data were recorded remotely using the Digital VLF Record-
ing and Analysis System (DVRAS) described by Collier and
Hughes (2002). The antenna system consists of two orthogo-
nal rhombic loops with area 58m2 aligned geographic north-
south and east–west. The data were digitised at a sampling
rate of 20kHz.
The events on days 008, 123 and 213 commence at fre-
quencies less than 2kHz and proceed up to a maximum of
around 6kHz. In the interpretation of Smirnova (1984) the
increase in the upper cutoff frequency over this range indi-
cates motion of the generation region from L=6.0 to 4.4.
The events on days 017 and 020 are conﬁned to lower fre-
quencies, suggesting that the source region remains at larger
L. Furthermore, the short duration and poor dispersion of the
event on day 017 indicates that the station was located close
to or within the injection region and that the injected particles
were not initially distributed over a very large range of local
times.
The event on day 020 is particularly interesting as there
is clear evidence of three drift echoes. An isolated injection
of particles was detected by geosynchronous satellite 1990–
095 at 03:50 UT. A weak SCE was subsequently recorded
at SANAE-IV, starting just before 04:00 UT, followed by4314 A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events 12 Collier and Hughes: Modelling Substorm Chorus Events
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Fig. 1. Broadband VLF data from SANAE-IV with examples of
substorm chorus events. Each panel is a spectrogram representing
the intensity of the signal as a function of frequency and time. Data
were recorded in synoptic mode, with only one in every ve minutes
sampled.
(a) 2002 day 017
(b) 2002 day 213
Fig. 2. Halley VELOX data corresponding to SANAE-IV SCE's
presented in Figures 1(b) and 1(e).
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Fig. 2. Halley VELOX data corresponding to SANAE-IV SCE's
presented in Figures 1(b) and 1(e).
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Fig. 1. Broad-band VLF data from SANAE-IV with examples of substorm chorus events. Each panel is a spectrogram representing the
intensity of the signal as a function of frequency and time. Data were recorded in synoptic mode, with only one in every ﬁve minutes
sampled.
Table 1. Drift periods (min) in corotating frame for particles with
equatorial pitch angle α=45◦ in a dipole ﬁeld.
Wk [keV] L=5 L=6
100 56.1 46.7
200 30.9 25.7
300 22.0 18.3
three stronger events at intervals of roughly 1h measured at
500 Hz. Each of the echoes was observed to have a progres-
sively larger frequency dispersion. Resonance at 500 Hz for
L between 5 and 6 is achieved by particles with Wk in the
range 100 to 300keV. Typical drift periods for such particles
are given in Table 1.
The range of frequencies observed on the ground is
characteristic of the conditions prevailing in the magneto-
spheric source region. Extensive propagation in the Earth–
ionosphere waveguide should, however, result in waveguide
cutoffs (Helliwell, 1965) becoming apparent. The event of
day 213 has a deﬁnite reduction in emission intensity at fre-
quencies below ∼2kHz, consistent with waveguide cutoff
under an ionosphere at an altitude of 75km. This cutoff is
not evident in the other SCE and one may thus conclude that
these enter the waveguide in closer proximity to the station.
The events in Fig. 1 are also apparent in the Halley
[75◦350 S 26◦450 W, L=4.4] VELOX data, examples of
which are given in Fig. 2. Halley is located around 1.5h west
of SANAE–IV, which may account for the differences in the
frequency sweep rate and the duration of events observed at
both stations.A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events 4315
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Fig. 2. Halley VELOX data corresponding to SANAE-IV SCE pre-
sented in Figs. 1b and e.
Each of the events presented in Fig. 1 is accompanied by
particle injections detected at geosynchronous orbit. Elec-
tron ﬂux data from Synchronous Orbit Particle Analyser
(SOPA) instruments on board LANL geosynchronous satel-
lites are displayed in Fig. 3, where it is evident that injections
result in a dramatic increase in the ﬂux of particles with en-
ergies of tens to hundreds of keV. Satellite 1990–095 is lo-
cated closest to the meridian of SANAE–IV, on a ﬁeld line 9◦
west of the station, and should thus detect particle injections
before they manifest themselves as SCE at SANAE–IV.
In Fig. 3a an injection of electrons is recorded on satel-
lite 1990–095 at 02:13 UT, when the satellite is ideally sit-
uated in the vicinity of local midnight. This injection is a
“near-dispersionless substorm onset” (Friedel et al., 1996) as
particles of all energies arrive at the satellite almost simulta-
neously. The duration of the injection is short – comparable
to the time scale of the magnetic ﬁeld dipolarisation – but
an elevated electron ﬂux is sustained for a longer period as a
result of the drift of electrons injected to the west of the satel-
lite. The rapid ﬂux enhancement is followed within 7min by
the onset of chorus emissions at SANAE–IV.
The SOPA data for day 123 in Fig. 3b indicates a minor
injection at 03:16 UT followed by a more signiﬁcant one
at 03:42 UT. Some time later the injected particles are de-
tected by satellites LANL–97A, 1994–084 and 1991–080,
respectively, where the dispersive effects of the gradient-
curvature drift are apparent. Careful examination of the
VLF data in Fig. 1d reveals that chorus activity starts at
around 03:00 UT and a second band of emissions begins at
Collier and Hughes: Modelling Substorm Chorus Events 13
0 1 2 3 4 5 6 7 8
UT
102
103
10
4
10
5
10
6
1
9
9
0
-
0
9
5
0
2
:
1
2
 
U
T
10
2
10
3
10
4
10
5
10
6
L
A
N
L
-
0
1
A
0
2
:
1
2
 
U
T
102
103
104
105
106
L
A
N
L
-
0
2
A
0
2
:
1
2
 
U
T
102
103
10
4
105
106
1
9
9
4
-
0
8
4
0
2
:
1
2
 
U
T
102
103
104
105
106
1
9
9
1
-
0
8
0
0
2
:
1
2
 
U
T
PSfrag replacements

u
x
[
c
m
 
2
s
 
1
s
r
 
1
k
e
V
 
1
]
(a) 2002 day 017
2 3 4 5 6 7 8 9 10
UT
102
103
104
105
106
1
9
9
0
-
0
9
5
0
3
:
1
5
 
U
T
102
103
104
105
106
L
A
N
L
-
9
7
A
0
3
:
1
5
 
U
T
102
103
104
105
106
1
9
9
4
-
0
8
4
0
3
:
1
5
 
U
T
102
103
104
105
106
1
9
9
1
-
0
8
0
0
3
:
1
5
 
U
T
PSfrag replacements

u
x
[
c
m
 
2
s
 
1
s
r
 
1
k
e
V
 
1
]
(b) 2002 day 123
Fig. 3. Electron ux data from SOPA instruments on LANL
geosynchronous satellites for SCE's presented in Figures 1(b) and
1(d). The ve traces represent different energy channels; from top
to bottom they are 50 − 75, 75 − 105, 105 − 150, 150 − 225 and
225 − 315 keV. In the upper right corner of each panel is an inset
indicating the location of the satellite at approximately the moment
of injection (the arrow points sunward).
(a) 2002 day 017
(b) 2002 day 123
Fig. 4. Low energy MPA electron data from spacecraft 1990-095
for periods corresponding to the SCE's presented in Figures 1(b)
and 1(d).
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(b) 2002 day 123
Fig. 3. Electron ux data from SOPA instruments on LANL
geosynchronous satellites for SCE's presented in Figures 1(b) and
1(d). The ve traces represent different energy channels; from top
to bottom they are 50 − 75, 75 − 105, 105 − 150, 150 − 225 and
225 − 315 keV. In the upper right corner of each panel is an inset
indicating the location of the satellite at approximately the moment
of injection (the arrow points sunward).
(a) 2002 day 017
(b) 2002 day 123
Fig. 4. Low energy MPA electron data from spacecraft 1990-095
for periods corresponding to the SCE's presented in Figures 1(b)
and 1(d).
Fig. 3. Electron ﬂux data from SOPA instruments on LANL
geosynchronous satellites for SCE presented in Figs. 1b and d. The
ﬁve traces represent different energy channels; from top to bottom
they are 50–75, 75–105, 105–150, 150–225 and 225–315keV. In
the upper right corner of each panel is an inset indicating the loca-
tion of the satellite at approximately the moment of injection (the
arrow points sunward).4316 A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events
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(b) 2002 day 123
Fig. 3. Electron ux data from SOPA instruments on LANL
geosynchronous satellites for SCE's presented in Figures 1(b) and
1(d). The ve traces represent different energy channels; from top
to bottom they are 50 − 75, 75 − 105, 105 − 150, 150 − 225 and
225 − 315 keV. In the upper right corner of each panel is an inset
indicating the location of the satellite at approximately the moment
of injection (the arrow points sunward).
(a) 2002 day 017
(b) 2002 day 123
Fig. 4. Low energy MPA electron data from spacecraft 1990-095
for periods corresponding to the SCE's presented in Figures 1(b)
and 1(d).
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(b) 2002 day 123
Fig. 3. Electron ux data from SOPA instruments on LANL
geosynchronous satellites for SCE's presented in Figures 1(b) and
1(d). The ve traces represent different energy channels; from top
to bottom they are 50 − 75, 75 − 105, 105 − 150, 150 − 225 and
225 − 315 keV. In the upper right corner of each panel is an inset
indicating the location of the satellite at approximately the moment
of injection (the arrow points sunward).
(a) 2002 day 017
(b) 2002 day 123
Fig. 4. Low energy MPA electron data from spacecraft 1990-095
for periods corresponding to the SCE's presented in Figures 1(b)
and 1(d).
Fig. 4. Low energy MPA electron data from spacecraft 1990-095
for periods corresponding to the SCE presented in Figs. 1b and d.
about 03:40 UT. In both cases the onset of the VLF activity
precedes the geosynchronous injection, a somewhat surpris-
ing result, suggesting that this injection was centred in the
midnight-dawn quadrant or that the VLF activity was initi-
ated at L>6.6.
The bulk of the SCE emissions are generated by particles
with energies lower than those detected by the SOPA instru-
ment. The Magnetospheric Plasma Analyser (MPA) data in
Fig. 4 reﬂects the low energy component of the injected par-
ticles, indicating a substantial increase in the ﬂux of electrons
with energies of a few to tens of keV. The SOPA and MPA
data also illustrate the existence of upper and lower energy
cutoffs in the spectrum of injected electrons (Reeves, 1998).
The onset of the substorm expansion phase is reﬂected in
magnetic perturbations observed both on the ground and in
orbit. The substorm AE index is a measure of the strength
of the auroral electrojet, and as such, provides an indicator
of substorm activity. Although neither provisional nor ﬁnal
AE data is presently available for 2002, quicklook data indi-
cate substorm signatures in the AE and related indices at the
appropriate times for all the events in Fig. 1.
The results of Smith et al.’s (1999, 2002) superposed
epoch analysis register negative and positive bays, respec-
tively, in the H and D magnetic ﬁeld components recorded
by the Halley magnetometer in association with substorm
onset and coincident with the observation of a SCE. Hal-
ley is normally somewhat equatorward of the auroral oval
around midnight, and negative H bays are consistent with a
westward horizontal electrojet poleward of a Southern Hemi-
sphere station at sub-auroral latitudes. The SCE’s considered
by Smith et al. (1999) were selected with the intent of study-
14 Collier and Hughes: Modelling Substorm Chorus Events
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Fig. 5. Variation of the H and D magnetic eld components
recorded by the Halley uxgate magnetometer for the events dis-
played in Figure 1.
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Fig. 6. Data from the Nordic riometer chain for 2002 day 123,
indicating enhanced electron precipitation associated with the SCE
in Figure 1(d).
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Fig. 7. Geometry of the model: injection over range of local time,
δψ, centred on midnight (green curve) and an observer (open box)
located at local time ψ0 at the moment of injection. The distribution
of the injection intensity in local time is represented by the shaded
region.
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Fig. 5. Variation of the H and D magnetic eld components
recorded by the Halley uxgate magnetometer for the events dis-
played in Figure 1.
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Fig. 6. Data from the Nordic riometer chain for 2002 day 123,
indicating enhanced electron precipitation associated with the SCE
in Figure 1(d).
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Fig. 7. Geometry of the model: injection over range of local time,
δψ, centred on midnight (green curve) and an observer (open box)
located at local time ψ0 at the moment of injection. The distribution
of the injection intensity in local time is represented by the shaded
region.
14 Collier and Hughes: Modelling Substorm Chorus Events
0 3 6 9 12
UT
-400
-200
0
n
T
H
0 3 6 9 12
UT
0
100
200
300
D
(a) 2002 day 008
0 3 6 9 12
UT
-150
-100
-50
0
n
T
H
0 3 6 9 12
UT
0
100
200
300
D
(b) 2002 day 017
0 3 6 9 12
UT
-400
-200
0
200
n
T
H
0 3 6 9 12
UT
0
100
200
300
D
(c) 2002 day 020
0 3 6 9 12
UT
-150
-100
-50
n
T
H
0 3 6 9 12
UT
150
200
250
300
D
(d) 2002 day 123
0 3 6 9 12
UT
-200
-100
0
n
T
H
0 3 6 9 12
UT
100
200
300
400
D
(e) 2002 day 213
Fig. 5. Variation of the H and D magnetic eld components
recorded by the Halley uxgate magnetometer for the events dis-
played in Figure 1.
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Fig. 6. Data from the Nordic riometer chain for 2002 day 123,
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Fig. 7. Geometry of the model: injection over range of local time,
δψ, centred on midnight (green curve) and an observer (open box)
located at local time ψ0 at the moment of injection. The distribution
of the injection intensity in local time is represented by the shaded
region.
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Fig. 5. Variation of the H and D magnetic eld components
recorded by the Halley uxgate magnetometer for the events dis-
played in Figure 1.
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Fig. 6. Data from the Nordic riometer chain for 2002 day 123,
indicating enhanced electron precipitation associated with the SCE
in Figure 1(d).
PSfrag replacements
 0
  
Fig. 7. Geometry of the model: injection over range of local time,
δψ, centred on midnight (green curve) and an observer (open box)
located at local time ψ0 at the moment of injection. The distribution
of the injection intensity in local time is represented by the shaded
region.
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Fig. 5. Variation of the H and D magnetic eld components
recorded by the Halley uxgate magnetometer for the events dis-
played in Figure 1.
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Fig. 7. Geometry of the model: injection over range of local time,
δψ, centred on midnight (green curve) and an observer (open box)
located at local time ψ0 at the moment of injection. The distribution
of the injection intensity in local time is represented by the shaded
region.
Fig. 5. Variation of the H and D magnetic ﬁeld components
recorded by the Halley ﬂuxgate magnetometer for the events dis-
played in Fig. 1.
ing their relationship with the substorm current wedge. Con-
sidering only SCE recorded at Halley within one hour of lo-
cal midnight, Smith et al. (1999) found that the start of the D
bay was simultaneous with the commencement of the SCE,
while the H bays started before the SCE appeared but exhib-
itedachangeingradientclosetotheSCEepoch. Theaverage
magnitudes of the bays examined by Smith et al. (1999) were
δH=−140 nT and δD= + 65 nT.
Data presented in Fig. 5 represent H and D magnetic
ﬁeld variations at Halley for the periods corresponding to the
events in Fig. 1. In each case H and D bays of the correct
sense were discernible at a time indicating their association
with the corresponding SCE and providing additional evi-
dence that the SCE is consequent to substorm onset.
The cyclotron wave-particle interaction results in a de-
crease in the pitch angle of the resonant electrons and may
lead to their precipitation (Foster and Rosenberg, 1976;
Rosenberg et al., 1981). Electron precipitation can be moni-
tored using a riometer, which indicates the degree of absorp-
tion of cosmic VHF radio noise due to charged particle den-A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events 4317
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Fig. 7. Geometry of the model: injection over range of local time,
δψ, centred on midnight (green curve) and an observer (open box)
located at local time ψ0 at the moment of injection. The distribution
of the injection intensity in local time is represented by the shaded
region.
Fig. 6. Data from the Nordic riometer chain for 2002 day 123,
indicating enhanced electron precipitation associated with the SCE
in Fig. 1d.
sity variations in the ionosphere. Data from the Nordic chain
of riometers for 2002 day 123 are presented in Fig. 6. The
degree of absorption recorded by these instruments increases
signiﬁcantly just after 03:00 UT, which corresponds to the
onset of the SCE in Fig. 1d. The precipitation is most evident
for stations located outside the plasmapause, but is still dis-
cernible at JYV (Jyv¨ askyl¨ a), which lies on a ﬁeld line within
the plasmasphere and OUL (Oulu), which is situated close
to the plasmapause. The fact that enhanced precipitation is
observed at stations located over the range L=3.7 to 6.0 in-
dicates that wave-particle interactions occur over the corre-
sponding region in the magnetosphere.
It should be stated that the data in Fig. 6 is a particularly
ﬁneexample. Suchawell-deﬁnedprecipitation enhancement
is not always observed in conjunction with a SCE, or it is
detected at only a subset of the riometer stations.
3 Model
Consider a simple model based on the geometry illustrated in
Fig. 7, with the injection of energetic particles taking place
over a range of local time, δψ, centred on midnight and an
observer located at local time ψ0 at the moment of injection.
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Fig. 5. Variation of the H and D magnetic eld components
recorded by the Halley uxgate magnetometer for the events dis-
played in Figure 1.
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Fig. 6. Data from the Nordic riometer chain for 2002 day 123,
indicating enhanced electron precipitation associated with the SCE
in Figure 1(d).
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Fig. 7. Geometry of the model: injection over range of local time,
δψ, centred on midnight (green curve) and an observer (open box)
located at local time ψ0 at the moment of injection. The distribution
of the injection intensity in local time is represented by the shaded
region.
Fig. 7. Geometry of the model: injection over range of local time,
δψ, centred on midnight (green curve) and an observer (open box)
located at local time ψ0 at the moment of injection. The distribution
of the injection intensity in local time is represented by the shaded
region.
The observer may be situated either in the magnetosphere
or at a terrestrial station, where, in the latter case, propaga-
tion to the observer is assumed to take place along ducts of
augmented plasma density. In practice, the injected particles
would be distributed over a range of L; however, this model
considers azimuthal drift alone and so we conﬁne our atten-
tion to those particles originating on a particular L shell.
In addition, for the reasons cited in Sect. 1 we further con-
strain the model to examine only the distribution of particles
in the equatorial plane.
The drift motion of the injected particles is calculated in
a dipole magnetic ﬁeld, where the assumption of a dipolar
geometry is not unreasonable since particle injection accom-
panies relaxation of the ﬁeld. The effects of a convection
electric ﬁeld are neglected but corotation drift, arising from
the azimuthally symmetric corotation electric ﬁeld, is implic-
itly taken into account as the particle trajectories are calcu-
lated in the Earth’s rotating frame of reference. Although the
electron dynamics are treated here in a simpliﬁed model of
the magnetosphere, results for more realistic ﬁeld geometries
are to be found elsewhere (e.g. Reeves et al., 1991).
Suppose that the source of particles at local time ψ and
time t is described by
S(ψ,t;W,α) = 3(ψ)δ(t)F(W,α), (2)
where 3 describes the local time distribution of the source
and F its energy and pitch angle dependence. The time im-
pulse in Eq. (2) is justiﬁed by the fact that the duration of
the injection event is short compared with the time scale of
the evolution of the SCE. However, in principle, the distribu-
tion function resulting from a source with arbitrary temporal
structure may be derived from that ensuing from an impul-
sive source by convolution.
The particle population is assumed to consist of a back-
ground low-temperature thermal component with density nc,4318 A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events
Collier and Hughes: Modelling Substorm Chorus Events 15
0 0.5 1
103
104
105
PSfrag replacements

u
x
[
c
m
 
2
s
 
1
s
r
 
1
k
e
V
 
1
]
t [h]
(a) uniform source, Λ = Λ1
0 0.5 1
103
104
105
PSfrag replacements

u
x
[
c
m
 
2
s
 
1
s
r
 
1
k
e
V
 
1
]
t [h]
(b) peaked source, Λ = Λ2
Fig. 8. Simulated ux signatures at geosynchronous orbit, three
(solid line) and six (dashed line) hours east of midnight. Injections
distributed in local time according to Λ1 and Λ2. Energy channels
are the same as in Figure 3.
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Fig. 9. Components of the particle energies at the observation point.
The shaded regions represent the range of W⊥ and Wk occupied
by particles for t = 20, 30, 40, 60 and 80 min, δψ = 10
◦ and
ψ0 = 45
◦ at L = 5. The arrows indicate the cutoffs in Wk at each
of these times. Dotted lines are curves of constant pitch angle.
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(a) Maxwellian (T = 2 keV)
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(b) Lorentzian (T = 2 keV, κ = 2 and p = 0)
Fig. 10. Integrands in the numerator and denominator of (12) eval-
uated along the dashed line in Figure 9, for Wk = 20 keV with
Λ = Λ2. The dashed curves represent the variation of the source
density function while solid curves reect the relationship for the
density function at the observer at selected times. A narrow source
region, δψ = 10
◦, is employed to prevent overlap of the curves for
different times.
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(b) peaked source, Λ = Λ2
Fig. 8. Simulated ux signatures at geosynchronous orbit, three
(solid line) and six (dashed line) hours east of midnight. Injections
distributed in local time according to Λ1 and Λ2. Energy channels
are the same as in Figure 3.
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Fig. 9. Components of the particle energies at the observation point.
The shaded regions represent the range of W⊥ and Wk occupied
by particles for t = 20, 30, 40, 60 and 80 min, δψ = 10
◦ and
ψ0 = 45
◦ at L = 5. The arrows indicate the cutoffs in Wk at each
of these times. Dotted lines are curves of constant pitch angle.
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(a) Maxwellian (T = 2 keV)
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(b) Lorentzian (T = 2 keV, κ = 2 and p = 0)
Fig. 10. Integrands in the numerator and denominator of (12) eval-
uated along the dashed line in Figure 9, for Wk = 20 keV with
Λ = Λ2. The dashed curves represent the variation of the source
density function while solid curves reect the relationship for the
density function at the observer at selected times. A narrow source
region, δψ = 10
◦, is employed to prevent overlap of the curves for
different times.
Fig. 8. Simulated ﬂux signatures at geosynchronous orbit, three
(solid line) and six (dashed line) hours east of midnight. Injections
distributed in local time according to 31 and 32. Energy channels
are the same as in Fig. 3.
and a high-temperature component with density nh and dis-
tribution F, normalised such that
nh = 2π
Z π/2
0
Z ∞
0
F(W,α)v2 sinα dv dα. (3)
The total number density in the injection region is
ne=nc+nh, where nhnc and consequently ne'nc
(Liemohn, 1967). The injection intensity may be estimated
using the LANL ﬂux data, from which nh∼105 m−3 is ap-
propriate. Only a small fraction of the injected hot plasma
density is present at the observer at any given time and it is
assumed that only the non-thermal particles participate in the
resonant interactions.
The functional forms which should be adopted for 3 and
F are somewhat uncertain. Experimental evidence suggests
that the region into which particles are injected is centred on
midnight (Birn et al., 1997; Thomsen et al., 2001); however,
little appears to be known about the variation of the injection
intensity as a function of local time. Selecting δψ=45◦ pro-
duces an injection region spanning three hours of local time,
consistent with the results of Reeves et al. (1991), although
the extent of this region may vary appreciably (Reeves et al.,
1992). The simplest assumption is that the particles are uni-
formly distributed:
31(ψ) = 5(ψ/δψ), (4)
where 5 is the rectangle function (Bracewell, 1965). An-
other option is to introduce a peak in the local time distribu-
tion of the source:
32(ψ) = 5(ψ/δψ)cosm(πψ/δψ). (5)
Setting m=2 provides a peaked distribution which goes
smoothly to zero at its extremities. The ﬂux signatures ex-
pected from injections conforming to 31 and 32 are given in
Fig. 8, where it is apparent that the former is more consistent
with the observations in Fig. 3.
The kinetic distribution of the injected plasma may be rep-
resented by a superposition of Maxwellians with different
characteristic temperatures (Parks et al., 1980), and conse-
quently we consider a source spectrum described by a bi-
Maxwellian distribution
F1(W,α) = nhk1 exp
"
−W
 
sin2 α
T⊥
+
cos2 α
Tk
!#
, (6)
where k1=
q
m3/2π3T 2
⊥Tk, characterised by temperatures T⊥
and Tk, both of which have units of energy.
Measurements used to derive phase space densities indi-
cate that a power law function of energy may be a more
appropriate representation, especially at larger energies (e.g.
Birn et al., 1997). The generalised Lorentzian distribution
(Vasyli¯ unas, 1968)
F2(W,α) = nhk2

1 +
W
W0
−(κ+1)
, (7)
where κ is the spectral index and W0 is related to the effec-
tive temperature by W0=(κ−3/2)T, may be used to model
a plasma with a non-Maxwellian high-energy tail. The nor-
malisation factor has the form
k2=
1
√
2

m
πW0
3/2 0(κ + 1)
0(κ − 1/2)
.
Li et al. (2003) used κ=1.8 while Birn et al. (1998) had
κ=2.5; both set T=0.5keV. The results quoted here are not
especially sensitive to κ, and consequently an intermediate
value of κ=2 is employed. The isotropic distribution Eq. (7)
may be modiﬁed by introducing a factor dependent on pitch
angle, sin2p α. The data of Maeda and Lin (1981) suggest
that values of p up to 1 are reasonable.
In the absence of a dawn-dusk electric ﬁeld, the injected
electrons undergo eastward gradient-curvature drift along
paths of constant L. Particles with energy W and pitch an-
gle α acquire a bounce-averaged equatorial azimuthal drift
velocity of (Roederer, 1970)
˙ ψ =
3W
qB0R2
E
LG(α), (8)
where RE is the Earth’s radius, B0=30.1 µT, q is the charge
of an electron and, to reasonable approximation,
G(α) = 0.70 + 0.30sinα for 40◦ . α 6 90◦. (9)A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events 4319
A better approximation for G(α), accurate for small α, may
be found in Ejiri (1978); however, the simpler form Eq. (9)
is employed for the calculations presented here. The phase
space density of particles at the observer, g(W,α,t), can be
derived from Eq. (2): following Jentsch (1976, Eq. 5), one
has at time t,
g(W,α,t) = 3

ψ0 −
Z t
0
˙ ψ dt0

F(W,α). (10)
The contribution of particles that have made multiple orbits
around the Earth may be consolidated in Eq. (10) by taking
the argument of 3 modulo 2π.
The growth rate of whistler mode waves of frequency f in
resonance with electrons having parallel velocity vk=vR was
found by Kennel and Petschek (1966) to be
γ = 2π2 ηfB

1 −
f
fB
2
(A − Ac), (11)
where the anisotropy, in the form given by Etcheto et
al. (1973), is expressed as
A =
Z π/2
0
∂g
∂α
tan2 α sec2 α dα
2
Z π/2
0
g tanα sec2 α dα
 


 



W=Wk sec2 α
(12)
and
η =
2πv3
R
ne
Z π/2
0
g tanα sec2 α dα


 

W=Wk sec2 α
(13)
describes the relative number of particles in resonance. In
Eqs. (12) and (13) g is evaluated subject to the condition
W=Wk sec2 α, where Wk is the resonant energy determined
by Eq. (1). As the resonant energy is related to the wave fre-
quency through the resonance condition, both A and η are
also functions of frequency. These quantities are calculated
on the observer’s meridian and the longitudinal extent of the
observer’s ﬁeld of view is ignored. Under conditions of az-
imuthal symmetry, a ﬁnite ﬁeld of view could be accounted
for by appropriately broadening the injection region.
The assumption nhnc allows for the use of nc instead of
ne in the calculation of η, which is computationally expedi-
ent, as one does not have to determine the total density of the
hot plasma component at the observer. However, the validity
of this supposition is questionable, as with increasing L the
density of the two populations may become comparable.
Instability of whistler mode waves depends on the
anisotropy exceeding a critical value,
Ac =
1
fB/f − 1
. (14)
Consequently, for a distribution with A=1, only waves
with frequencies less than half the gyrofrequency are un-
stable. Since Ac increases as f→fB, progressively more
anisotropic distributions are required to produce instability at
frequencies approaching the electron gyrofrequency. Space-
craft observations of chorus emissions above half the local
electron gyrofrequency (e.g. Meredith et al., 2001) therefore
either imply that they were triggered by a highly anisotropic
population of electrons or that they originated in an off-
equatorial region of higher magnetic ﬁeld strength.
An isotropic distribution attenuates waves at all frequen-
cies, but there always exists a range of frequencies which are
ampliﬁed by a distribution with A>0 (Liemohn, 1967). If the
distribution function is a bi-Maxwellian, then the anisotropy
is A=T⊥/Tk−1. If the angular dependence of the density
function is of the form sin2p α, then the anisotropy is sim-
ply A=p. However, since in the model considered here the
distribution function at the observer at a given time is de-
termined by those particles that drift from the source region
to the observer in the time interval elapsed since injection,
neither of these simple cases emerge.
If the distribution function, g(W,α,t), is independent of
pitch angle, or isotropic, then the anisotropy is identically
zero. The function 3 enters into Eq. (10) as a weighting fac-
tor which depends on the azimuthal drift velocity and time.
Although the drift velocity is a function of α, it serves only
to determine the location in the source region from which
an electron originates, and hence the applicable weight. In
order to obtain a non-isotropic distribution at the observer,
∂g/∂α6=0, it is necessary that either ∂F(W,α)/∂α6=0 or
d3/dψ6=0 within the source region. The fact that the dis-
tribution at the observation point evolves with time as par-
ticles drift around from the injection region implies that if
the source distribution is not isotropic or the source particles
are not distributed uniformly in local time then the observed
anisotropy is non-zero and also varies with time.
In principle, the calculated growth rate and a knowledge
of the background embryonic wave amplitudes, combined
with processes limiting the exponential wave growth, could
be used to estimate the absolute wave amplitudes resulting
from this interaction. Kennel and Petschek (1966) showed
that the resonant particle distribution is driven towards a state
of marginal stability as a result of its interaction with the
waves. Modiﬁcation of the electron population arising from
wave ampliﬁcation would lead to a reduction in the pitch an-
gles of interacting particles, resulting in those particles close
to the loss cone being precipitated into the upper atmosphere.
For the purposes of this model the wave energy density is as-
sumed to be signiﬁcantly smaller than that of the particles
and, consequently, action of the waves on the resonant parti-
cle distribution is neglected. The validity of this approxima-
tion is somewhat uncertain as there is compelling evidence
(enhanced precipitation in riometer data) that the particle dis-
tribution is indeed modiﬁed during the interaction. Although
imperfect we adopt this approximation as it results in sub-
stantial computational simpliﬁcations.4320 A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events
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(b) peaked source, Λ = Λ2
Fig. 8. Simulated ux signatures at geosynchronous orbit, three
(solid line) and six (dashed line) hours east of midnight. Injections
distributed in local time according to Λ1 and Λ2. Energy channels
are the same as in Figure 3.
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Fig. 9. Components of the particle energies at the observation point.
The shaded regions represent the range of W⊥ and Wk occupied
by particles for t = 20, 30, 40, 60 and 80 min, δψ = 10
◦ and
ψ0 = 45
◦ at L = 5. The arrows indicate the cutoffs in Wk at each
of these times. Dotted lines are curves of constant pitch angle.
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(a) Maxwellian (T = 2 keV)
0° 30° 60° 90°
-1.2e-21
0.0e+00
1.2e-21
20 min 30 min 40 min 60 min 80 min
0° 30° 60° 90°
-1.2e-21
0.0e+00
1.2e-21
-60
-40
-20
PSfrag replacements
 
l
o
g
F
(
W
k
s
e
c
2

;

)
m
 
6
s
3
m
 
6
s
3
2gtansec2 
@g
@
tan
2 sec
2 
(b) Lorentzian (T = 2 keV, κ = 2 and p = 0)
Fig. 10. Integrands in the numerator and denominator of (12) eval-
uated along the dashed line in Figure 9, for Wk = 20 keV with
Λ = Λ2. The dashed curves represent the variation of the source
density function while solid curves reect the relationship for the
density function at the observer at selected times. A narrow source
region, δψ = 10
◦, is employed to prevent overlap of the curves for
different times.
Fig. 9. Components of the particle energies at the observation point.
The shaded regions represent the range of W⊥ and Wk occupied by
particles for t=20, 30, 40, 60 and 80min, δψ=10◦ and ψ0=45◦ at
L=5. The arrows indicate the cutoffs in Wk at each of these times.
Dotted lines are curves of constant pitch angle.
4 Results
The whistler mode ﬁeld of view for satellite observations is
restricted and therefore, using either models or observations
of the plasma density and magnetic ﬁeld strength, one is able
to derive a unique mapping between the observed wave fre-
quency and the resonant electron energy (e.g. Abel et al.,
2002). In contrast, ground stations are able to detect waves
originating over a large range of L and this introduces am-
biguity into the relationship between the observed frequency
and the resonant electron energy.
The whistler mode ﬁeld of view for a ground station at
L≈4 may be estimated as around 30◦ in longitude and L
roughly between 3 and 7 (Carpenter, 1966; Smith et al.,
1996). The majority of the results quoted here are for injec-
tions at L=5. This particular value was selected as it falls
in the middle of the aforementioned range of L and, fur-
thermore, this represents the average location of Mauk and
McIlwain’s (1974) injection boundary for moderate Kp. Al-
though the simulations of Li et al. (1998) indicate that the
injection boundary model is not necessary to explain disper-
sionless injections, it serves here as an approximation to the
locus of the injected particles.
The radial electron density proﬁle used is the empirical
model of Carpenter and Anderson (1992). For mildly dis-
turbed magnetospheric conditions, representative of those
prevailing during the events in Fig. 1, one has in the morning
sector nc=4.5×106 m−3 at L=5, while the plasmapause is
located at L'4.3. The injected plasma is presumed to have
nh=105 m−3.
The shaded regions in Fig. 9 represent the relationship be-
tween W⊥ and Wk for electrons that have the drift rate re-
quired to reach the observer at a selection of times after the
moment of injection. Only electrons which have not made
an entire orbit around the Earth are considered. The higher
and lower energy borders of the shaded regions correspond
to electrons injected at the two extremities of the source re-
gion, the upper boundary being associated with those parti-
cles originating at the edge most remote from the observer.
The asymmetry between W⊥ and Wk for the observed popu-
lation is accounted for by the fact that for smaller pitch an-
gles a higher energy is required to achieve the same drift rate.
The form of these regions places an upper bound on Wk (in-
dicated by the arrows) for a given t, which, in turn, places
a lower bound on the resonant frequency. As time proceeds
the distribution of particles at the observer shrinks towards
the origin. This implies an upper cutoff in Wk that decreases
with time, which leads to an increasing lower cutoff in the
resonance frequency.
This lower frequency cutoff determines the latest time at
which ampliﬁcation at a given frequency ceases. However,
if the anisotropy falls below the critical level before that,
then wave generation will terminate sooner. In practice, the
anisotropy becomes sub-critical before η→0.
It is informative to explore the inﬂuence that the form of
the source distribution function exerts on the magnitude and
evolution of the anisotropy at the observer. The integrands
in the numerator and denominator of Eq. (12) are plotted as
a function of α for two different source models in Fig. 10,
reﬂecting the variation in these functions along the dashed
line in Fig. 9. The shaded rectangles represent the range of
α for which the functions are non-zero at the indicated time,
taking into account the width of the source and the travel
time from the source region to the observer. Within the range
of pitch angles present at the observer at a given instant, the
largerα correspondtoparticlesarrivingfromthefurthestpart
of the injection region. This is due to the fact that for a given
value of Wk, both W and G(α), and hence the azimuthal drift
velocity, increase with α.
For 3=31 one must have ∂F/∂α6=0 to achieve non-zero
anisotropy. However, if 3 is a non-uniform function of ψ
then ﬁnite anisotropies are found at the observer even if F
is independent of α. In Fig. 10 the bell-shaped curves for
the denominator reﬂect the effect of the non-uniform 3=32
distribution of the source in azimuth. This local time dis-
tribution introduces a bipolar shape to the gradient curves at
the observer, arising primarily from the derivative of 32 with
respect to ψ. Since both source distributions considered are
isotropic, the asymmetry between the two lobes of the bipo-
lar curve originates not only from the trigonometric factors
but also from the dependence of F on W. Speciﬁcally, the
distribution of particles from a Maxwellian injection declines
far more swiftly with increasing α along a line of constant
Wk than that resulting from a Lorentzian injection. Conse-
quently, the difference in the area under the two lobes of the
curve representing the numerator of Eq. (12) is larger in the
case of the Maxwellian and the resulting anisotropy is ac-
cordingly greater. This is exempliﬁed by the data plotted
in Fig. 11 which illustrate that the anisotropy produced by
a Maxwellian injection is initially very large but is reduced
rapidly, while that resulting from a Lorentzian injection is
smaller but dwindles more gradually with time.A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events 4321
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Fig. 8. Simulated ux signatures at geosynchronous orbit, three
(solid line) and six (dashed line) hours east of midnight. Injections
distributed in local time according to Λ1 and Λ2. Energy channels
are the same as in Figure 3.
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(a) Maxwellian (T = 2 keV)
0° 30° 60° 90°
-1.2e-21
0.0e+00
1.2e-21
20 min 30 min 40 min 60 min 80 min
0° 30° 60° 90°
-1.2e-21
0.0e+00
1.2e-21
-60
-40
-20
PSfrag replacements
 
l
o
g
F
(
W
k
s
e
c
2

;

)
m
 
6
s
3
m
 
6
s
3
2gtansec2 
@g
@
tan
2 sec
2 
(b) Lorentzian (T = 2 keV, κ = 2 and p = 0)
Fig. 10. Integrands in the numerator and denominator of (12) eval-
uated along the dashed line in Figure 9, for Wk = 20 keV with
Λ = Λ2. The dashed curves represent the variation of the source
density function while solid curves reect the relationship for the
density function at the observer at selected times. A narrow source
region, δψ = 10
◦, is employed to prevent overlap of the curves for
different times.
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(b) peaked source, Λ = Λ2
Fig. 8. Simulated ux signatures at geosynchronous orbit, three
(solid line) and six (dashed line) hours east of midnight. Injections
distributed in local time according to Λ1 and Λ2. Energy channels
are the same as in Figure 3.
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(b) Lorentzian (T = 2 keV, κ = 2 and p = 0)
Fig. 10. Integrands in the numerator and denominator of (12) eval-
uated along the dashed line in Figure 9, for Wk = 20 keV with
Λ = Λ2. The dashed curves represent the variation of the source
density function while solid curves reect the relationship for the
density function at the observer at selected times. A narrow source
region, δψ = 10
◦, is employed to prevent overlap of the curves for
different times.
Fig. 10. Integrands in the numerator and denominator of Eq. (12)
evaluated along the dashed line in Fig. 9, for Wk=20keV with
3=32. The dashed curves represent the variation of the source
density function while solid curves reﬂect the relationship for the
density function at the observer at selected times. A narrow source
region, δψ=10◦, is employed to prevent overlap of the curves for
different times.
In fact, the isotropic Lorentzian produces an anisotropy
which is always below the critical value and consequently,
does not lead to wave growth. However, setting p=1 for the
Lorentzian distribution enhances the proportion of particles
with larger pitch angles and results in an anisotropy which is
initially in excess of Ac.
4.1 Maxwellian source
Consider ﬁrst a bi-Maxwellian source distribution. The
growth rate as a function of time for a range of resonance fre-
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Fig. 11. Evolution of the anisotropy (Wk=20keV) at ψ0=45◦ and
L=5, for various forms of the source distribution function.
quencies at an observer located in the midnight-dawn quad-
rant, ψ0=45◦, is plotted in Fig. 12a. Since in this case the
injection is uniformly distributed over δψ, it is mandatory
that the source be inherently anisotropic (T⊥6=Tk). The up-
permost panels are greyed out as these lie above half the
equatorial electron gyrofrequency and are consequently not
observed on the ground. The peaks in growth rate at succes-
sively higher frequencies occur at progressively later times,
in agreement with the observed SCE behaviour.
In Fig. 12b an isotropic Maxwellian source (T⊥=Tk) is as-
sumed, but the distribution in azimuth is taken to be non-
uniform: 3=32 with m=2. The fact that the source is
isotropic causes the anisotropy to approach its critical value
more rapidly and the growth rate peaks have shorter dura-
tion. This illustrates the fact that even for an isotropic popu-
lation of injected plasma, an anisotropic distribution may be
observed at later local times due to energy dispersion if the
plasma is injected non-uniformly in azimuth.
The general shape of the curves in Fig. 12 may be un-
derstood with reference to Fig. 13: the initial rise is due to
an increase in η, resulting from the presence of electrons
with progressively lower energies and hence higher densi-
ties (closer to the peak in the source distribution). The onset
of enhanced emissions at a given frequency is thus a conse-
quence of the rapid increase in the number of resonant par-
ticles. This should be contrasted with the results of Collier
and Hughes (2004) where the upper edge of the envelope re-
sulted from the fB/2 cutoff. The subsequent decrease in γ
results from the last term in Eq. (11), which diminishes as
the anisotropy approaches its critical value.
A substantial variation in peak growth rate, amounting to
several orders of magnitude, exists over the range of frequen-
cies plotted in Fig. 12 due to the large difference in the den-
sity of the more energetic particles responsible for the lower
frequency emissions and the lower energy particles associ-
ated with the higher frequencies.4322 A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events
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of wave growth occurs; these intervals arise with greater delay at
higher frequencies.
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Fig. 12. Normalised growth rate, γ/γmax for an observer at ψ0=45◦ and L=5. The upper two panels are shaded to indicate that these
represent frequencies above fB/2, which are not observable on the ground. The plots indicate that at each frequency an interval of wave
growth occurs; these intervals arise with greater delay at higher frequencies.
Therangeinγ forthefrequenciesconsideredmaybereduced
by selecting higher temperatures for the source distribution.
This, however, also results in the duration of the events de-
clining dramatically.
One should note that following the growth rate peaks in
Fig. 12, large negative excursions occur which are truncated
by the axes of the plots. These arise as the distribution
of particles at the observation point shifts to lower ener-
gies, the anisotropy approaches, then drops below the crit-
ical value, Ac, and the ﬁnal term in Eq. (11) becomes nega-
tive. However, thelowerenergyparticlesarealsodrawnfrom
closertothepeakintheinjectedparticledistributionandcon-
sequently lead to large values of η and hence γ0. Wave
growth is only expected for A>Ac: once the anisotropy
drops below this critical value, ampliﬁcation of VLF waves
ceases and damping may occur.
The trend of peak delay times increasing with frequency
is reversed at higher frequencies. The origin of this effect
is as follows: initially, the anisotropy at all Wk is large. As
time progresses the anisotropies decrease, with those corre-
sponding to resonance at higher frequencies declining least
rapidly. However, the critical anisotropy, which starts to
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Fig. 13. Factors contributing to the shape of the growth rate curves
for the source distribution applicable to Figure 12(a) at Wk =
20 keV. The initial rise in γ is associated with the increase in η
as more particles with the specied Wk drift into the station's eld
of view. The subsequent decrease in γ occurs as the anisotropy of
these particles approaches its critical value.
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(c) L = 4.5
Fig. 14. Normalised growth rate, γ/Ω, for a Lorentzian source dis-
tribution function with T = 2 keV, κ = 2 and p = 1. Local time
distribution of the injection is described by Λ = Λ2. Observing
station located at ψ0 = 45
◦ and source width δψ = 45
◦. Dashed
line indicates f = fB/2.
Fig. 13. Factors contributing to the shape of the growth rate curves
for the source distribution applicable to Fig. 12a at Wk=20keV. The
initial rise in γ is associated with the increase in η as more parti-
cles with the speciﬁed Wk drift into the station’s ﬁeld of view. The
subsequent decrease in γ occurs as the anisotropy of these particles
approaches its critical value.
increase rapidly with frequency for f/fB&0.5, is larger at
higher frequencies and consequently, above a certain fre-
quency, which depends on both L and the particulars of the
source, the difference A−Ac is reduced more rapidly with
time.A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events 4323
4.2 Lorentzian source
Proceeding next to a Lorentzian source distribution with
T=2keV and p=1. The selection of larger or smaller T ef-
fects a shift in the dominant emission frequency to lower or
higher values respectively. Although the inherent anisotropy
of this distribution, A=1, is large, it is not atypical of plasma
in the magnetosphere (Hargreaves, 1992).
In Fig. 14 the normalised growth rate, γ/, is plotted
as a function of frequency and time for a selection of L.
These growth rate spectrograms are most reminiscent of
the observed events, exhibiting a band of emissions with
well-deﬁned upper and lower cutoffs, and a progression to-
wards higher frequencies. The duration of the period of
wave ampliﬁcation and the range of frequencies concerned
are consistent with observations. Comparison of the growth
rates calculated here with the peak value of γ/=1.4×10−2
determined from GEOS 2 data by Cornilleau-Wehrlin et
al. (1985), reveals that this model produces relatively small
values of γ, yet these scale directly with the choice of nh.
Smith et al. (1999) observe that the amplitude of the sig-
nal begins to rise above the ambient level simultaneously in
all VELOX channels, with the rate of increase diminishing
at higher frequencies. This could be consistent with wave
ampliﬁcation within the injection region (Smith et al., 1999)
but may also be accounted for by the rapid drift of the most
energetic particles. The latter leads to the simulated growth
rate rising above zero immediately following injection at all
frequencies for which A>Ac.
A far greater uniformity in peak growth rates is evident
across the range of frequencies in Fig. 14 as compared with
the results for Maxwellian injections. This originates from
the augmented high energy tail in the Lorentzian distribu-
tion which admits more electrons in resonance with low fre-
quency waves. Source distributions with smaller κ produce
more substantial wave growth at lower frequencies, while as
κ→∞ the Lorentzian distribution approaches a Maxwellian
and the ampliﬁcation of lower frequencies is curtailed.
InFig.14itisapparentthatafrequencyexistsabovewhich
there is no wave ampliﬁcation. This frequency corresponds
to that Wk for which the anisotropy is always sub-critical.
The fact that this effective upper cutoff frequency falls at ap-
proximately half the gyrofrequency is entirely coincidental.
Modiﬁcation of the degree of anisotropy in the source distri-
bution leads to variation in this cutoff frequency and in the
duration of the emissions. In particular, increasing p results
in electrons with large pitch angles forming a more substan-
tial proportion of the population, and consequently, a larger
range of frequencies exists for which the anisotropy is above
the critical threshold and a more persistent event occurs be-
cause A>Ac for a longer period.
Since the azimuthal drift rate is proportional to L, it is
moderately surprising that the duration of the events appears
to increase with L. This may be understood as follows: for a
ﬁxed frequency the resonant energy decreases more rapidly
than L−1, and hence the drift rate, proportional to both W
and L, of particles resonant with a particular frequency wave
Collier and Hughes: Modelling Substorm Chorus Events 17
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20 keV. The initial rise in γ is associated with the increase in η
as more particles with the specied Wk drift into the station's eld
of view. The subsequent decrease in γ occurs as the anisotropy of
these particles approaches its critical value.
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(c) L = 4.5
Fig. 14. Normalised growth rate, γ/Ω, for a Lorentzian source dis-
tribution function with T = 2 keV, κ = 2 and p = 1. Local time
distribution of the injection is described by Λ = Λ2. Observing
station located at ψ0 = 45
◦ and source width δψ = 45
◦. Dashed
line indicates f = fB/2.
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Fig. 13. Factors contributing to the shape of the growth rate curves
for the source distribution applicable to Figure 12(a) at Wk =
20 keV. The initial rise in γ is associated with the increase in η
as more particles with the specied Wk drift into the station's eld
of view. The subsequent decrease in γ occurs as the anisotropy of
these particles approaches its critical value.
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(c) L = 4.5
Fig. 14. Normalised growth rate, γ/Ω, for a Lorentzian source dis-
tribution function with T = 2 keV, κ = 2 and p = 1. Local time
distribution of the injection is described by Λ = Λ2. Observing
station located at ψ0 = 45
◦ and source width δψ = 45
◦. Dashed
line indicates f = fB/2.
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for the source distribution applicable to Figure 12(a) at Wk =
20 keV. The initial rise in γ is associated with the increase in η
as more particles with the specied Wk drift into the station's eld
of view. The subsequent decrease in γ occurs as the anisotropy of
these particles approaches its critical value.
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(c) L = 4.5
Fig. 14. Normalised growth rate, γ/Ω, for a Lorentzian source dis-
tribution function with T = 2 keV, κ = 2 and p = 1. Local time
distribution of the injection is described by Λ = Λ2. Observing
station located at ψ0 = 45
◦ and source width δψ = 45
◦. Dashed
line indicates f = fB/2.
Fig. 14. Normalised growth rate, γ/, for a Lorentzian source
distribution function with T=2keV, κ=2 and p=1. Local time dis-
tribution of the injection is described by 3=32. Observing station
located at ψ0=45◦ and source width δψ=45◦. Dashed line indi-
cates f=fB/2.
declines with increasing L. The modelled frequency sweep
rate therefore varies inversely with L. The range of df/dt
observed by Smith et al. (1996) could thus be accounted for
by particles drifting on different L shells.4324 A. B. Collier and A. R. W. Hughes: Modelling substorm chorus events
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(a) growth rate
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(b) number of particles in resonance
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Fig. 15. Variation of (a) growth rate, (b) η and (c) anisotropy with
the local time of the observer for electrons with Wk = 40 keV and
δψ = 45
◦ at L = 5.
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(a) dawn (ψ0 = 90
◦)
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(b) morning sector (ψ0 = 135
◦)
Fig. 16. Normalised growth rate, γ/Ω, for an observer (a) at dawn
and (b) in the morning sector on L = 5 for the source described in
Figure 14.
Fig. 15. Variation of (a) growth rate, (b) η and (c) anisotropy with
the local time of the observer for electrons with Wk=40keV and
δψ=45◦ at L=5.
4.3 Observer local time
The variation in the anisotropy, η and growth rate with the
station local time is plotted in Fig. 15. At a ﬁxed ψ0 the
anisotropy is initially maximised, it decreases with time until
it reaches a minimum from which it recovers rather rapidly.
The initial decrease is effected by electrons that have drifted
directly from the source to the observer. However, as this
population approaches cutoff, those electrons which have
completedafullorbitaroundtheEarthbeforereturningtothe
observer begin to exert a larger inﬂuence. As time proceeds,
the peaks in the curves for η shift to later local times as parti-
cles with the speciﬁed Wk drift eastwards. The peaks become
progressively less sharp as these particles encompass a range
of α (and hence W) and dispersive drift therefore spreads
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(a) growth rate
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(b) number of particles in resonance
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Fig. 15. Variation of (a) growth rate, (b) η and (c) anisotropy with
the local time of the observer for electrons with Wk = 40 keV and
δψ = 45
◦ at L = 5.
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(a) dawn (ψ0 = 90
◦)
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(b) morning sector (ψ0 = 135
◦)
Fig. 16. Normalised growth rate, γ/Ω, for an observer (a) at dawn
and (b) in the morning sector on L = 5 for the source described in
Figure 14.
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(b) number of particles in resonance
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Fig. 15. Variation of (a) growth rate, (b) η and (c) anisotropy with
the local time of the observer for electrons with Wk = 40 keV and
δψ = 45
◦ at L = 5.
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(b) morning sector (ψ0 = 135
◦)
Fig. 16. Normalised growth rate, γ/Ω, for an observer (a) at dawn
and (b) in the morning sector on L = 5 for the source described in
Figure 14.
Fig. 16. Normalised growth rate, γ/, for an observer (a) at dawn
and (b) in the morning sector on L=5 for the source described in
Fig. 14.
them out in local time. As noted by Jentsch (1976), the fact
that the anisotropy increases with local time displaces the
peaks in the growth rate towards later local times with re-
spect to the peaks in η.
Figure 15a indicates that the largest growth rates are pre-
dicted for stations located at the earliest local times. This is
conﬁrmed by a comparison of Figs. 14b, 16a and b, which
are each separated by 3-h of local time, and illustrate a sys-
tematic reduction in peak growth rate. The reduced growth
rate is brought about by the dispersion of the particles, with
the population becoming spread out in local time and fewer
particles being present at a given instant for an observer lo-
cated further east of midnight.
The broader growth rate peaks predicted at later local
times imply that events of longer duration should be expected
for larger ψ0. This effect is also demonstrated in Figs. 14b,
16aandb. Anaturalconsequenceofamodelbasedonenergy
dispersion is that for observers located at later local times,
the peaks at higher frequencies should occur with greater de-
lays, suggesting that SCE with lower slopes should be antic-
ipated at stations located further from midnight. AlthoughA. B. Collier and A. R. W. Hughes: Modelling substorm chorus events 4325
this effect, noted by Hughes (1995), is not clearly evident
in the more extensive data of Smith et al. (1996, Fig. 11), it
is indeed produced in the current model. Failure to clearly
discern this trend experimentally may be attributable to vari-
ability in the factors characterising individual substorms.
The extent of the injection region does not prove to be a
particularly signiﬁcant factor in determining the duration of
the modelled SCE, although a small extension of the emis-
sion period is apparent for injections distributed over a larger
range of local times. The event duration is, however, sen-
sitive to the local time of the observer, with longer events
observed at later local times.
5 Conclusion
A simple model has been presented which examines the vari-
ation of the electron population on an observer’s meridian
resulting from the gradient-curvature and corotation drift of
plasma injected around midnight. No dawn-dusk electric
ﬁeld was considered nor were the effects of the atmospheric
loss cone or other loss mechanisms taken into account. Sub-
ject to these conditions the anisotropy and whistler mode
growth rate resulting from the cyclotron resonance interac-
tion were calculated using the formulation of Kennel and
Petschek (1966).
As noted by Cornilleau-Wehrlin et al. (1985), an analy-
sis of this sort accounts for waves of a continuous broad-
bandnaturebutdoesnotdescribethedetailedfrequency-time
structure of chorus emissions, which consist of numerous
short duration rising or falling tones. However, examination
of the data presented in Fig. 1 over much shorter time scales
reveals that the SCE may be composed of either discrete el-
ements, consistent with the denomination of this event type,
orbroad-bandemissionswithverylittlestructure. Themodel
considered here is most applicable in the latter case.
Collier and Hughes (2004) described SCE simulations
based on a particle tracking approach, tracing the motion
of injected electrons subject to E×B and gradient-curvature
drifts. The effect of the radial motion of the injected pop-
ulation resulting from a dawn-dusk convection electric ﬁeld
was investigated. The conclusions of Smith et al. (1996) and
Abel et al. (2002) regarding the limited contribution of dis-
persive drift to the SCE mechanism were supported by the re-
sults of Collier and Hughes (2004), where it was determined
that a relatively large convection electric ﬁeld was required to
produce results resembling the observations. However, Col-
lier and Hughes (2004) treated the action of each electron
individually and a realistic assessment of the anisotropy and
growth rate, which depend on the whole ensemble of parti-
cles, was not performed.
The model considered here neglects the convection elec-
tric ﬁeld and treats only the azimuthal motion of the elec-
trons. Furthermore, whereas Collier and Hughes (2004) only
crudely accounted for the instability conditions, the present
calculations accurately determine the growth rate arising
from the anisotropy of the relevant portion of the electron
population. The results presented here, in which a qualitative
similarity between the modelled growth rate spectrograms
and VLF observations is immediately apparent, suggest that
it is possible to produce emissions with the characteristics of
a SCE in the absence of a convection electric ﬁeld, indicat-
ing that dispersive drift may indeed contribute substantially
to the SCE mechanism.
A process has emerged which accounts for the rising fre-
quency of the lower boundary of the SCE envelope. This
transpires from a cutoff in the maximum Wk for electrons at
the observer which decreases with time, and a consequent
increase in the minimum possible resonance frequency.
The quoted results suggest certain characteristics of an in-
jectedelectronpopulationwhichwouldfavourthegeneration
of a SCE. If the injected particles are distributed uniformly
over a segment of local time, then the population must be
inherently anisotropic. A source distribution with a signif-
icant high energy tail produces more uniform growth rates
over a range of frequencies. However, in the case of such a
non-thermal distribution, it appears necessary to assume that
the injected population is anisotropic in order for the disper-
sive drift to achieve an anisotropy greater than the critical
threshold for a suitable frequency spectrum. In view of the
fact that the spectrum of injected particles exhibits both up-
per and lower cutoffs, neither the Maxwellian nor Lorentzian
description is entirely appropriate and further investigation
should focus on a better characterisation of the injected pop-
ulation.
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